Integration by Parts — Answer Key Worksheet style

Integration by Parts — Key

Problem 1. /xe”” dr  (Hint: v =z, dv = e*dz.)

e N
Solution. Choose u = z and dv = e¢*dx. Then du = dz, v = €*. By integration by parts,

/:z:exdx:uv—/vdu:a:em—/exda::xe‘”—ex—i—C.

/xexdx:ex(:c—l)+0.

N J

Problem 2. /:ncos:nd:v (Hint: v =z, dv = cosz dz.)

e N
Solution. Let u = x, dv = cosx dx. Then du = dz, v = sinz. Integration by parts:

/;ccosa:dx—xsina:—/sinmdw—xsinx—i—cosx—i—(}’.

/xcosxd:c:xsina:—i—cosa;—i—a

N J

Problem 3. /:E2 cos(3x) dx.
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Solution. Use integration by parts twice.
First integration by parts: choose u = 2%, dv = cos(3z) dx. Then du = 2z dz, v = % sin(3z).

Thus
2

2
/xQ cos(3z) dx = % sin(3zx) — 3 /:Usin(?):v) dx.

Compute /a:sin(?)x) dx by parts: let v = z, dv = sin(3z)dz. Then du = dz, v =
— 1 cos(3z). So

1
/msin(Sx) dx = —g cos(3z) + 9 sin(3z) + C.

Substitute back:
2

/x2 cos(3z) dx = % sin(3z) — %( - gcos(?m) + %Sin(?)x)) +C

2

2 2
= % sin(3z) + g% cos(3zx) — 77 sin(3z) + C.

Combine the sin(3z)-terms if desired:

27
N J

2 _
/1132 cos(3z) dx = <9x 2> sin(3zx) + g:v cos(3z) + C.

Problem 4. /xQeQm dx.

e ™
Solution. Apply integration by parts twice.

First: v = 22, dv = **dx = du = 2z dx, v = %e%. Then
72
/332629& dr = ?e% — /:Ue% dr.
Next compute f$€2x dzx by parts: u =z, dv = e**dx = du =dz, v= %6236. So
T 1
/xezx do = Ze?® — Ze?* 4 (.

2 4

Substitute:

2 2
2 2x T~ op L o 1296 22 ¥ T 1
dr = — — | = - = + = — — =+ -]+ C.
/a:e T 26 <26 e ) C e <2 5 ) C

2
2 2x 2z [ £ €z 1
dr = — — =4+ -]+ C.
/xe X e (2 B) ) C

. J

Problem 5. /ln(x + 3) dx.
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1
Solution. Use integration by parts with u = In(x+3), dv = dx. Then du = dr, v=1.
x

+3
So

dz.

/1n(x+3)d$:xln(x+3)—/x+3

Simplify the integrand:

T o_q- 3 SO / i der =2 —3In|z+ 3|+ C.
Tz +3

Therefore

/ln(x—i—?))dx:xln(x—l—?))—(x—31n|x+3|)+C:($+3)ln|w+3|—a}+0.

/ln(:p—{—?))d:v:(m+3)ln]m+3\—m+C.

(& J

Problem 6. /41‘ cos(2 — 3x) dz.

e ~
Solution. Use integration by parts with v = 4z, dv = cos(2 — 3z) dz. First find v:

1
/005(2 —3z)dx = —3 sin(2 — 3z) + C.

Thus v = —3 sin(2 — 3z), and du = 4 dx.
Integration by parts:

4 4
/496 cos(2 — 3x)dx = —3¢ sin(2 — 3z) + 3 /sin(2 — 3z) dx.
Compute the remaining integral:
1
/sin(2 —3z)dx = 3 cos(2 — 3z) + C.

Therefore A A
/43: cos(2 — 3z) dx = —3% sin(2 — 3z) + g cos(2 — 3zx) + C.

4 4
/4x cos(2 — 3z) dx = —3¢ sin(2 — 3z) + 9 cos(2 — 3x) + C.

N J

Problem 7. /:c7 sin(2z4) dz.
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s ™
Solution. Use substitution ¢t = z* (so dt = 423dz). Observe
dt
'de =2t 2dde =t —.
4
Thus )
/x7 sin(2x%) do = 1 /tsin(Zt) dt.
Now integrate [ tsin(2t)dt by parts: a =t, db = sin(2t) dt so da = dt, b = —3 cos(2t). Then
. t 1 t 1 .
/tsm(2t) dt = —3 cos(2t) + 3 /cos(Qt) dt = —3 cos(2t) + 1 sin(2t) + C.
Multiply by % and substitute t = z*:
7 N _3374 4, Lo 4
x'sin(22%) dx = S cos(2z”) + 16 sin(2z%) + C.
7 N _3774 4, Lo 4
x'sin(22%) dx = S cos(2z") + 16 sin(2z%) + C.
N

Problem 8. /x264$ dx.

p
Solution. Integration by parts twice (parallel to Problem 4).

First: u =22, dv = e*®dz = du = 2z dx, v = ie“. So

2
1
/m2e4z do =T eto _ 2 /:ce“ dx.
4 2

Compute f ze®® dx by parts: u =z, dv = e**dr = du =dz, v= ie“:

4z L Az 1 4z
der = —e — —e™ + C.
/xe X e 166 C

Substitute back:

2 2
2 4z L7 4x 1(56 Az 1 49:) dz (X T 1
d — — | — E— C: —_——— —_— C.
/;c edxr 1 e 5 46 166 + e 1 3 + 32 +

2
240 gy — o (T % 1
/a:e dr =e (4 8+32>+C.




